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1. Introduction 

Supersymmetric D-brane systems with a large degeneracy of ground states have been a cen- 
tral element in progress in string theory as a quantum theory of gravity. One of the theory's 
great successes is the discovery that counting such states at weak coupling reproduces the 
black hole entropy ^. The AdS/CFT correspondence discovered by considering a near- 
horizon limit of the brane systems then led to a significantly better understanding of 
the relation between geometry and D-brane descriptions. Further understanding of this 
relation has come from the construction of smooth horizon-free geometries corresponding 
to individual states of the D-brane system, showing that the map between geometry and 
field theory can go beyond the thermodynamic regime |5|, ^, |^. Though a generic mi- 
crostate is expected to admit a description only in the full string theory (as found recently 
in [^), large classes of geometries dual to supersymmetric microstates of a three-charge 
brane system in five dimensions and a four-charge brane system in four dimensions have 
been constructed. Mathur and his collaborators, in a series of papers, have argued that 
the information paradox could be resolved if the black hole geometry is viewed as a coarse 
grained description, averaging over geometries describing the individual microstates which 
differ in a 'fuzz ball' region inside the would-be horizon of the black hole. See ||9|, |lO| for 
reviews of this work. 

To test this proposed description of black holes and to further improve our understand- 
ing of the relation between geometry and D-branes, it is useful to construct smooth geome- 
tries dual to the non-supersymmetric excited states of the D-brane systems. This allows us 
to consider dynamical issues involving transitions between different states. Very few such 
geometries have been constructed. Geometries dual to two- and three-charge brane systems 
which are asymptotically flat in five dimensions were constructed in [^], and geometries 
dual to three-charge brane systems which are asymptotically flat in four dimensions were 
constructed in |12, 13 1. These geometries are smooth in the duality frame where the brane 
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charges correspond to a D1-D5-P system compactified on in the five-dimensional case, 
and to a Dl-D5-Kaluza-Klein monopole (KKM) system in the four-dimensional case. Al- 
though smooth geometries have been constructed only for very special non-supersymmetric 



states, this has already led to interesting physics; these geometries are unstable [14], and 
this instability can be precisely reproduced by studying the dynamics of the corresponding 
quantum state of the brane system [15|. 



A next step in the construction of smooth non-supersymmetric geometries would be to 
obtain smooth solutions which are asymptotically flat in four dimensions corresponding to 



a four-charge D1-D5-P-KKM system. This extension was not undertaken in |13] because 
the additional charge seemed to lead to daunting additional complexities. The aim of this 
paper is to show that the solution with D1-D5-P-KKM charges is in fact related to the 
D1-D5-KKM solution obtained in ||l^ by a coordinate transformation, using the analogue 



of the transformation studied in |16| in the supersymmetric case 



This coordinate transformation is related to spectral flow, which has played an impor- 
tant part in the understanding of these smooth geometries from the outset. When the first 
simple examples of smooth geometries were constructed in they were related to states 
obtained by spectral fiow from the Neveu-Schwarz ground state in the dual CFT, and this 
spectral flow was identified with a coordinate transformation of the near-core AdSs region 
in the spacetime geometry. This coordinate transformation was then exploited in the con- 
struction of further examples of solutions which were asymptotically flat in five dimensions 



1 17]. The near-core regions of these solutions were related by a coordinate transforma- 
tion, but the full asymptotically flat solutions were physically distinct. The remarkable 
realisation of ]|l^ is that once we compactify a further direction on a circle by adding a 
Kaluza-Klein monopole charge to obtain solutions which are asymptotically flat in four 
dimensions, the spectral flow transformation which preserves supersymmetry is realised as 
a coordinate transformation for the full asymptotically flat solution. 

In this paper, we will consider the analogue of the coordinate transformation used in 



]16] for the non-supersymmetric geometries considered in J|l^. For non-supersymmetric 
geometries, we can consider acting with spectral flow independently on the left and on the 
right; these transformations are related to two independent coordinate transformations in 
the near-core AdSs region. However, we find that as in the supersymmetric case, only a 
single combination extends to a coordinate transformation of the full asymptotically flat 
solution. The coordinate transformation is labelled by a single integer parameter. This 
coordinate transformation adds an additional momentum charge to the solutions, and we 
show that it reproduces precisely the expected D1-D5-P-KKM solutions, corresponding to 



the three-charge D1-D5-P solutions of ]11] sitting at the core of a Kaluza-Klein monopole. 



In section ^ we review the spectral flow of [^] in the supersymmetric case. In section 
m, we give a brief review of the non-supersymmetric geometries of [^] . Section ^ contains 
the main result of our paper, showing that a spectral flow coordinate transformation can 
be used to obtain the expected D1-D5-P-KKM solution. 
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2. Spectral Flow for Supersymmetric solutions 




In this section we review the results of |16], who considered spectral flow for the supersym- 
metric solutions which are asymptotically flat in six dimensions. We will review the aspects 
of their analysis which act as an inspiration for the non-supersymmetric case we consider. 
Consider therefore a solution of type IIB string theory compactified on a T^, with Dl- 
brane, D5-brane, momentum and Kaluza-Klein monopole charges. The ten-dimensional 
metric is 

^ (2.1) 

where Z\ and Z5 correspond to the Dl and D5 charges respectively, and the six-dimensional 
supergravity metric is a fibration over a four-dimensional Gibbons-Hawking base, 

dsl = --| {dv + I3)(^u + k + {dv + /3) j + Hh^^dx'^dx'' (2.2) 

where 

H = yz^, (2.3) 

and -F is a Kaluza-Klein gauge potential. A linear combination of u and v parametrises a 
spatial circle with finite proper size at large distance. We choose coordinates such that v 
is periodic with period 27r. We assume that the four-dimensional base space is a Gibbons- 
Hawking space, with metric 

dsl = Kvdx^'dx'' = {dT + Af + Vj'^dx'dx^, (2.4) 

where i, j = 1, 2, 3. We assume dr is Killing, and r is periodic with period 47r. The one-form 
gauge fields k and /? can then be decomposed as 

k = fi{dT + A) +UJ, P = u{dT + A) + a, (2.5) 

where oj, a are one-forms on the three-dimensional base. This metric solves the IIB su- 
pergravity equations of motion with a two-form RR gauge potential carrying the Dl- and 



D5-brane charges; see |16] for further details on the equations of motion. 

We are interested in solutions where the Gibbons-Hawking metric ( |2.4| ) carries a 
Kaluza-Klein monopole charge, so that the circle along r has finite proper size at large 
distances, and the spacetime is asymptotically fiat in four dimensions. Since there are two 
finite circles at large distances, we can consider SL{2, Z) coordinate transformations which 



mix up these two circles. In particular, |16] consider the coordinate transformation 



T ^ T + 7U, (2-6) 

where 7 is an even integer, so this transformation is consistent with the periodicities 
of the coordinates. From the six-dimensional point of view, this is simply a coordinate 
transformation. It therefore naturally preserves the regularity and the asymptotic struc- 
ture of the six-dimensional metric. Since the transformation changes the identity of the 
Kaluza-Klein v circle, from the five-dimensional point of view, this is a highly non-trivial 
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solution-generating transformation which mixes up the Kaluza-Klein gauge field with the 
five-dimensional metric. From the point of view of a CFT description of the low-energy 
degrees of freedom on the D1-D5 system, this mixes charges which would be interpreted as 
R-charges with the Virasoro generators Lq,Lq, so it is naturally interpreted as a spectral 
fiow automorphism of the CFT.^ 

A particular example considered in is to use this spectral flow to map a two-charge 
supertube to a bubbling three-charge geometry. Since the general two-charge supertube 
solution has an arbitrary profile for the tube, this can be used to construct new infinite 
families of three-charge solutions. Our interest in the non-supersymmetric case is in the 
analogue of the simplest case, when we consider a round supertube and the corresponding 
three-charge solution. 



3. The Non-supersymmetric Microstates of the D1-D5-KK System 



We will now briefiy review the structure of the smooth non-supersymmetric solutions carry- 
ing Dl- D5- and Kaluza-Klein (KK) monopole charges constructed in which we want 
to apply this transformation to. These solutions are asymptotically flat in four dimensions, 
and there is a family of smooth solutions labelled by a single integer parameter. We will 
write down the geometry corresponding to the smooth solutions. 

The solutions were constructed by starting from a Kerr-Bolt instanton and adding 
the KK monopole charge using an SL(3, M) solution-generating transformation. Then 
by a sequence of boosts and dualities, the Dl and D5 charges were added. The resulting 
geometry is not smooth in general; restricting to the case where the solution has no horizons 
and is everywhere smooth leaves us with a family of solutions labeled by the Dl, D5 and KK 
monopole charges, the asymptotic size of the circle the Dl and D5 branes wrap, and a single 
integer parameter. The solutions also carry a KK electric charge, but this is determined 
by the other charges. The smoothness conditions also fix the periodic identifications on 
the coordinates. The metric for the smooth solutions is 



ds 



10 



-1/2 r 



A {dy + sis^Bf -G{dt + cic^A)^ 



1/2 



AG 



[dz + Lo^f + '^ + de^ + 



A 



■ sm 




(3.1) 



where 



A 



C 



UJ 



B = -Vo [dz + i^^) +kI, 



(3.2) 
(3.3) 



^Although the transformation is purely a coordinate transformation in the six-dimensional description, it 
will modify the asymptotic moduli of the solution. Thus, with boundary conditions that fix the asymptotic 
metric, this coordinate transformation is a global symmetry of the theory, rather than a gauge symmetry, 
and we can think of the solutions it relates as physically distinct. 
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H,,5 = A + {A-G)sl^, 
Af - 



G = A{l-H) 



B 



The metric functions are 



A = - pI 



A = f + 2p [{p - po) + nVo (1 + cos 9)] , 



B = f + 2 



po ip + Po) {n^ - 1) 
(p- Po {'n? - 1)) 



[(P - Po) + ra^Po (1 - cos 6)] , 



(3.4) 
(3.5) 

(3.6) 
(3.7) 
(3.8) 

(3.9) 



C = ^P'^P'^P'+P^ („2 _ 1) _ („2 _ 1) ) _ ^ ^ ^) (1 _ ^ (3_io) 

(3.11) 



2Jsin^6'(p-po) 
uj — — 



UJ^ = Vpb-PO ("^ - 1)) 



(p^ - Po) COS 6* 



Popn 



{p- Po {n'^ - 1)) 



(p — Po) sin 9 — n Po sin ^ 
(3.12) ■ 



and 



Vo = -^^^^^ [/' + 2P (P + P + (P + Po) cos 9)] , (3.13) 



1 2nVpo(p + po) sin^g / . "^^L (p^ + 2ppo - pg (n^ - l)) (p - Po) 



where 



(p-po(n2-l)) p 

2 PO (p + po) (n^ - 1) 
(p- Po (^^^ - 1)) 



+2p2 (n2-l) (po+p) 



(3.14) 



(p2-p2)cos^+ (pp-pg(n2-l))sin2 0l , (3.15) 



j2 _ PoP (Po + P) [r? - l) ^ 



The determinant of the metric is 



(P - Po (n^ - 1)) 



o = — ^ sin^ 9. 



It is convenient to introduce the combinations 



where 



(p + g) (g+p) 

^ Po(p + Po)(n^ - 1) 
(p-po(n2 - 1)) 



(3.16) 



(3.17) 



(3.18) 



(3.19) 
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The charges of the four-dimensional asymptotically flat solution are then 



M = -[p + q{l + sl + sl)] 

V = P, Q = Qcics, 

J = JciC5, Qi = qsiCi, i = l,5, 



(3.20) 



where V, Q, Qi and Q5 are the KK monopole, KK electric, Dl and D5 charges. 

The metric has coordinate singularities at p = po and ^ = 0, vr. The determinant of 
the metric at constant p and t is 



9(pt) 



M^{p-po)sm^e[A{p + po){Bcl4-f\cisl + slcl) + ^slsl)-2Jclcl], (3.21 



HIP 



A 



so at these singularities, a spatial isometry direction is degenerating. To make these singu- 
larities smooth origins, we need to make appropriate identifications so that the direction 
which is degenerating is compact with an appropriate period. This imposes the identifica- 
tions 



(y, z, (p) {y,z- AttV, (/> + 27r) ~ (y, z + AttV, (/> + 27r) ~ (y - 2imRy, z + A-ktiV, (j) + 27rn), 

(3.22) 

where 



Ry = 4:q \ ^ ==siS5. 



(3.23) 



The first two identifications in ( 3.22 ) guarantee smoothness at 6 = 0, vr, and the last 
guarantees smoothness at p = pQ. 

To facilitate the comparison to the supersymmetric case, we introduce "light-cone 
coordinates" u, v defined by 



1 / N 1 / 



In these coordinates. 



1/2 /A-G 

-1/2 



[du + pf + {dv + ujf 



1/2 



{A + G) {dv + uj) {du + (3) 
— [dz+uj) +^+de +j^sm 



+ 



Hi 
H,. 



dSrp4. J 



where we define 



Ci = S1S5B = (/? - w) , C2 = C1C5A = (/? + w) , 



(3.24) 



(3.25) 



(3.26) 
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and (3 and uj are given by 



where 



l3 = ^iCi+C2) = -Vi{dz + u;^)+m, (3.27) 

co = ^iC2-Ci)=m{dz + u;^)+m, (3.28) 

m = (^sis^Vo + ciC5^^ , (3.29) 

7?2 = ^ (ciCsw" + S1S5K0) , (3.30) 

% = ^siSsVb - ciC5^^ , (3.31) 

ri4 = ^ (ciC5u;° - S1S5K0) . (3.32) 



3.1 BPS case 



The solution is supersymmetric for n = 1, where m = and we must take the 6i ^ 00 
to hold the charges Qi fixed. This case therefore requires a slightly separate discussion. 
When n = 1, C = and B = f = p"^ - pI cos^ 6* , so G = ^, but 

l-g)sinh^^.= (3.33) 
^ / P + Po cos 

so Hi = A^l + p+p^cos e ) ■ Similarly, the one- forms a; and /3 in ( 3.25| ) will have finite limits. 
We also have 

4 = 1 + (3.34) 

It is then useful to introduce the new coordinates 

~ pcos9-po 

r = p — p()COsd, cost) = (3.35) 

p — Po cos o 

and define the parameters 

c = 26, = 2P, Qks = 2Q, Qi = 2Qi, i = 1, 5. (3.36) 

We then have 

y = 4 = l + ^, Z, = :^ = l + §i, i = l,5 (3.37) 
J r Arc 

where 



'f2 + c2 + 2ctcos6'. (3.38) 
The metric ( p. 25 ) in the supersymmetric case n = 1 then takes the form 

dsfo = -4 (dv + w) (dn + /3) + HV~^ idz + w^) 

+HV {dr"^ + f 2(i^2 ^ ~2 gjj^2 ^2^^2^ + ( ^ ) ds|4 , (3.39) 
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where H = y/ZiZ^, reproducing the form used for example in . Note however that the 
coordinates here are not exactly the same as in [|6l; in particular, by (|33^ ), in (|339D the 
z coordinate has period AttQk, and the v coordinate has period 27mRy. 

3.2 Near-Core Limit 

The solution reviewed above is supposed to be interpreted as the familiar smooth D1-D5 



solution of [11 1 which is asymptotically flat in five dimensions, sitting at the core of a 
Kaluza-Klein monopole which converts it into a solution which is asymptotically flat in 
four dimensions. In |^], this was argued by showing that the metric ( |3.lD has a near-core 
limit where it reduces to an AdSa x geometry of the same form as is obtained in the 



near-core limit of the five-dimensional solution of |11|. We will now briefly review this 
near-core limit. 

The appropriate limit is to take po ^ holding p and the Dl, D5 brane charges Qi 
fixed. This limit will scale Q and to zero, so it is distinct from the supersymmetric limit. 
As we take this limit, we scale the coordinates so as to zoom in on a core region in the 
geometry, scaling p like po, and the identification on the y coordinate scales like l/^/po. 
We therefore define new coordinates by 



Por, y 



X 



pip, 



and take the limit keeping r, x, t finite. In this limit the metric (p.l|) becomes 



(3.40) 



dsio 
1 



+ 4 



/(l + cos^) 



[dip+uj^) + 



dr + 



+ de^ + 



1 + svo? I 
ag 



{d^ + 



n2 



r 



2 

^-1) 



cos ( 



{d7p + 



ijj 



sm 



(r^ — 1 + n'^ sin^ 6^ 



Qi 

where we have set 




(3.41) 



and 



2{r -l + n^ {1 + COS0)) , g = 2 {r + I - {1 - cos 0)) , 
(r — 1) sin^ 



1 + n? siv? I 



(r2 



1) 



cos ( 



"2 — 1 -|- sin^ 6 



(r 4- 1) sin^ 



(3.42) 

(3.43) 
(3.44) 

(3.45) 
(3.46) 



-8- 



This metric has an AdSa x geometry at least locahy, and this can be manifested by 
introducing new coordinates, 



r = 1 + 2R^, X = ^V, = 2^- 



The metric ( |3.41| ) is then 



+f{de'^ + cos^ e{d4} + nd^f + sin^ 
In the near-core hmit, 



-pdr) J + y-Q^ds^i- 



Po 



(3.47) 
(3.48) 

(3.49) 



(3.50) 



so the identifications ( 3.22]) become in these coordinates simply i/; ~ ■(/^ + 27r, </> ~ + 27r, 
and {if, '(/') ~ (99 — 27r, ^jJ + 27rn). If these are the fundamental identifications, the spacetime 
is then globally AdSs x S^. 



4. Spectral Flow 

Let us now consider the construction of new solutions by acting on the non-supersymmetric 



geometry ( |3.1| ) with a spectral flow coordinate transformation. As in [16|, we consider the 
coordinate transformation 

z ^ z + 7f , (4.1) 

where 7 is a parameter, and we define the spectral flow using the coordinates of ( 3.25| ). It 
is then clear that the spectral flow we consider here will coincide with the one studied in 
1 16] in the supersymmetric case n = 1, where it corresponds to the simple example we men- 
tioned in section |2|, relating the round two-charge supertube in the Kaluza-Klein monopole 
background to a three-charge bubbling solution in the same monopole background. 

In general, acting on the non-supersymmetric metric (3.25) with the spectral flow ([4.1|), 
we will obtain a new solution 



dsc = — — (dv + oj) 
H 



~ F 
du + P + — {dv + Co) 



+ HV-^ {dz + 



^^1 



+HV 



where 



^^' = (1+7%) # = (1 + 7773) ^H, V = {l+-fr]s)V, 



oj^ = uj^ — 7774, F = —27771 



(1 + 7%) ' 
7i7V-i 



P = P + 



7771 



-L0 + 



(1+7%) (1 + 7%) (1 + 7%) 



[dz + iJ-] 



(4.2) 

(4.3) 
(4.4) 

(4.5) 
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As in the supersymmetric case, this new solution has an additional charge given by the 
Kaluza-Klein gauge potential F, corresponding to a momentum (Kaluza-Klein electric) 
charge along the circle that the Dl and D5 branes wrap. Note that this is not the same as 
the Kaluza-Klein electric charge which is already present in the solution ( |3.25| ), which is 
associated with the Kaluza-Klein gauge field coming from the z circle. We therefore refer 
to the resulting solution as a four-charge D1-D5-P-KKM solution. 

In general, this solution will not have the same asymptotics as the solution that we 
started with. As in the supersymmetric case, we need to quantise 7 to ensure that the 
spectral flow transformation preserves the identifications ( 3.22| ). Starting from the identi- 



fications ( 3.22| ) in the original coordinates and applying the transformation z z -|- 71; , 



the identifications in the new coordinates are 

{y,z,(p) ~ (y, z—AirV, (p+2n) ~ (y, z+47rP, 0-|-27r) ~ {y—lnnRy, z+A-KnV—2TmRyj, (p+2TTn) 

(4.6) 

we want these to be the same as the identifications ( p. 22 ) for the new coordinates. This 



will be true if 2: ~ 2: — lirnRy^. Since (^^) implies 2; ~ z -|- SttV, this requires 

7 = (4.7) 
nUy 

for some integer m. This is the analogue for our case of the restriction of 7 to even integers 
in the supersymmetric case, and taking into account the difference in our normalization of 
z,v, it will reduce to that identification in the supersymmetric case. 

Spectral flow then gives us a solution labelled by the Dl and D5 brane and Kaluza- 
Klein monopole charges, the size of the y circle Ry, and two integer parameters m,n? 
This is exactly the number of solutions we would expect if we were to put the three-charge 
D1-D5-P smooth solutions of [O] at the core of a Kaluza-Klein monopole. We will relate 



the solution here to the solution of [11| by considering the near-core limit, as was done for 
the solution without the momentum charge in |p!3| . 

Since the near-core limit has already been worked out in the original coordinates before 



we perform the spectral flow in [13|, as reviewed in section 3.2, all we need to do is to 



consider the action of the spectral flow transformation in this near-core region. Using the 
coordinate transformations ( p.4[)| , p747 , 3.48| ), the spectral flow transformation ( |4.1| ) becomes. 



in this near-core region, 

^^^ + — ^=(r-£V), <^ ^ <A - -r^^ (r - ^V) • (4.8) 
In the near-core region, Ry is given by ( p. 50 ), so the quantization condition ( |4.7] ) becomes 



7 = mvm)^=^: (4.9) 

V ^1^5 

and = 16p\/ Q1Q5, so the spectral flow transformation in the near-core region is 

i'^i^ + ^{r-fv), 0^<^-^(t-£V). (4.10) 



^We can think equivalently think of these solutions as labelled by the Dl, D5, P charges, the Kaluza-Klein 
monopole charge and the two integer parameters m, n. 
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This shows that the near-core hmit of the spectral flow coordinate transformation ( [4.1] ) 
agrees with the usual notion of spectral flow for AdSs x S"^ spacetimes, and the near-core 
metric of the new solution obtained by acting with this spectral flow transformation will 
be 

li'^ /t^ + 1 



cose[d^ + ^dr-{m-n)d^] +1 s^n 9 [ d<t. - ^{m + n) dr + md^ 



+y|^d4- (4-11) 

This agrees with the near-core region of the three-charge solution in [0] , up to a relabelling 
of the integer parameters and a trivial shift of -0, (p by terms proportional to r. Thus, these 



four-charge D1-D5-P-KKM solutions obtained by (4.1) can indeed be identified with the 



three-charge solution of |11| sitting at the core of a Kaluza-Klein monopole. 



Thus, we have shown that the spectral flow coordinate transformation ( [4.1[ ) can be 
used to construct the remaining simple example of a non-supersymmetric solution, the Dl- 



D5-P-KKM solution. We could also consider orbifolds of the solution as in |11|. Finding 
more general non-supersymmetric smooth solutions remains an important open problem, 
which will require radically new techniques. 
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